We use nuclear magnetic resonance to map the complete low-temperature phase diagram of the antiferromagnetic Ising-like spin-chain system BaCo2V2O8 as a function of the magnetic field applied along the chains. In contrast to the predicted crossover from the longitudinal incommensurate phase to the transverse antiferromagnetic phase, we find a sequence of three magnetically ordered phases between the critical fields 3.8 T and 22.8 T. Their origin is traced to the giant magnetic-field dependence of the total effective coupling between spin chains, extracted to vary by a factor of 24. We explain this novel phenomenon as emerging from the combination of nontrivially coupled spin chains and incommensurate spin fluctuations in the chains treated as Tomonaga-Luttinger liquids.
We use nuclear magnetic resonance to map the complete low-temperature phase diagram of the antiferromagnetic Ising-like spin-chain system BaCo2V2O8 as a function of the magnetic field applied along the chains. In contrast to the predicted crossover from the longitudinal incommensurate phase to the transverse antiferromagnetic phase, we find a sequence of three magnetically ordered phases between the critical fields 3.8 T and 22.8 T. Their origin is traced to the giant magnetic-field dependence of the total effective coupling between spin chains, extracted to vary by a factor of 24. We explain this novel phenomenon as emerging from the combination of nontrivially coupled spin chains and incommensurate spin fluctuations in the chains treated as Tomonaga-Luttinger liquids. The study of emergent phenomena in interacting quantum systems is at the heart of condensed-matter physics. Interacting fermions confined to one dimension (1D) emerge in a quantum-critical state with non-particle-like excitations, whose low-energy description is known as the Tomonaga-Luttinger liquid (TLL) [1] . As any correlation function adopts a universal form, insensitive to the microscopic details, the TLL description applies to a wide range of systems, like 1D metals [2] , edge states of quantum Hall effect [3] , quantum wires [4] , carbon nanotubes [5] and 1D arrays of atoms on surfaces [6] or in optical traps [7] . The simplest and experimentally most accessible TLLs are realized in 1D quantum antiferromagnets hosting spin chains or ladders, which can be mapped onto interacting spinless fermions [8] . In particular, two spin-ladder systems, (C 5 H 12 N) 2 CuBr 4 (BPCB) [9] [10] [11] [12] [13] and (C 7 H 10 N) 2 CuBr 4 (DIMPY) [14] [15] [16] [17] [18] [19] , allowed to confirm the predicted correlation functions not only in form, but also quantitatively as a function of the magnetic field, which controls the Fermi level [1] .
While isolated TLLs cannot order because of strong quantum fluctuations, a weak coupling between TLLs leads at low temperatures to the 3D ordered state, which inherits the properties of the dominant fluctuation mode.
As the Fermi surface in a TLL is reduced to two points, k F and −k F , fermionic fluctuations can only occur at the wavevectors q = 0 and q = 2k F [1] . In antiferromagnetic spin chains or ladders in a magnetic field, the corresponding spin fluctuations are transverse (i.e., involving spin components perpendicular to the field) antiferromagnetic, at the antiferromagnetically shifted wavevector q = π, and longitudinal (i.e., involving spin components along the field) incommensurate at the incommensurate wavevector q = 2k F , respectively [1] . For the Heisenberg exchange between spins, the transverse fluctuations dominate and a weakly coupled system develops a transverse antiferromagnetic order at low temperatures [20, 21] , in the gapless region between the critical fields B c and B s , which correspond to the edges of the fermion band. Examples include BPCB [10, 22] , DIMPY [16] , F 5 PNN [23] and copper nitrate [24] . More interestingly, for the Isinglike exchange between spins and the field directed along the exchange anisotropy axis, the transverse fluctuations dominate only in the high-field region, while in the lowfield region the longitudinal fluctuations dominate. Accordingly, the low-temperature ordered state in a weakly coupled system is expected to switch from the longitudinal incommensurate to the transverse antiferromagnetic as the field is increased from B c to B s [25] . An experimental confirmation of this important prediction reflecting the essence of the TLL description is still missing.
Realizations of the archetypal Ising-like (i.e., XXZ) antiferromagnetic spin-1/2 chain model in the longitudinal field [26] are therefore highly desired but unfortunately rare. Among them, BaCo 2 V 2 O 8 [27] has been recently studied [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] as one of a few with accessible critical fields, i.e., B c = 3.8 T and B s = 22.8 T [30] . The system develops a standard low-temperature Néel ordered phase in the field range up to B c [29, 31] (Fig. 1) . Above B c , an exotic low-temperature incommensurate phase extending up to ∼9 T was identified [31, 32, 37] (Fig. 1) , confirming the first part of the prediction [25] . We continue the exploration of the phase diagram up to B s and find a sequence of three ordered phases above B c , in striking contrast to the predicted crossover between the two phases. Surprisingly, all three ordered phases appear to be determined by incommensurate spin fluctuations. We show that these fluctuations combined with nontrivially coupled nearest-neighboring (NN) spin chains lead to a remarkably huge field dependence of the effective coupling between the NN chains, matching the experimental result obtained from the phase boundary. The three ordered phases then result from the competition between this variable coupling and the fixed coupling between the next-nearest-neighboring (NNN) chains, in close analogy to the frustrated spin-1/2 model on a square lattice [42] . This novel phenomenon is thus emergent in nature: although the couplings between individual spins are fieldindependent, the collective coupling between the 1D spin arrangements is strongly field-dependent.
In our 51 V nuclear magnetic resonance (NMR) experiments, a single crystal of BaCo 2 V 2 O 8 [33] was oriented with its c axis, coinciding with the exchange anisotropy axis, accurately along the field direction. The phase boundary in Fig. 1 was mapped by means of the NMR relaxation rate T −1 1 , which directly probes the low-energy spin fluctuations [43] . The temperature and field dependence of T decrease on decreasing temperature, reflecting the suppression of spin fluctuations in the ordered phase [44] . In the T −1 1 (T ) datasets taken between 8 and 14 T, the transition peak is smeared out, most likely because of the less accurate sample orientation in the cryostat used below 14 T, but can still be defined as the onset of the T −1 1 (T ) decrease. The overall phase boundary outlines two new ordered phases between B 1 = 8.6 T and B s , and the first question is what is their nature.
Figs. 2(c-f) show representative NMR spectra in various phases. The crystal structure of BaCo 2 V 2 O 8 [27] contains parallel chains of magnetic Co 2+ ions running along c and forming a square lattice in the tetragonal a-b plane (Fig. 1 inset) . Above the phase boundary, throughout the TLL phase (Fig. 1) , the NMR spectrum exhibits a single peak [ Fig. 2(c) ] generated by a single crystallographic V site, which is located between the NN chains. The appearance of the incommensurate order, where static spin-density waves (SDWs) form in chains, leads to the characteristic U-shaped broadening [45] . In the ordered phase between B c and B 1 , the spectrum actually develops two such U-shaped components of equal area [ Fig. 2(d) ]. This is consistent with the columnar nature of the incommensurate phase in this field range, as observed by neutron diffraction, where the symmetry between a and b directions is broken, so that the SDWs are in phase (in opposite phase) along one (the other) direction [37] . In the ordered phase above B 1 , the NMR spectrum exhibits a single broad peak with pronounced wings. A single U-shaped component is revealed after a longer NMR echo decay time [ Figs. 2(e,f)] , showing that the symmetry between a and b directions is restored. Together with the simulation of the spectral splitting [46] , this suggests a ferromagnetic nature of the incommensurate phase, meaning that all SDWs are in phase. The origin of the central narrow component observed at short echo decay times is unclear at the moment. For instance, a distribution corresponding to a long-wavelength 2D sinusoidal modulation of the SDW amplitude in the a-b plane perfectly reproduces the lineshape [ Fig. 2(e) ]. Alternatively, a narrow central component may also come from an eventual presence of the transverse antiferromagnetic phase coexisting with the longitudinal incommensurate phase [46] . Both scenaria require additional terms in the XXZ chain Hamiltonian, which is a topic for further studies. The NMR spectrum remains qualitatively unchanged up to B s and does not offer insight into the remaining transition at B 2 = 19 T.
For further insight into the nature of the ordered phases, we show that the behavior of T expected for this fluctuation mode, where η is the interaction exponent and u is the velocity of spin excitations (in kelvin units). This is obtained from the corresponding expression for the transverse antiferromagnetic fluctuations [10] by replacing η with 1/η [25] . The T −1 1 (T ) dataset at 21.3 T clearly exhibits the predicted powerlaw behavior, but the experimental limitations allowed us to take only a small number of data points in other datasets [ Fig. 2(a) ]. Nevertheless, η is determined simply from the T −1 1 (T ) slope (in a log-log scale), which exhibits a significant variation over the datasets. Moreover, once η is known, the knowledge of the NMR form factor [46] allows us to determine u from the prefactor to the powerlaw behavior of T −1 1 (T ) datasets, which spreads over a decade. Despite sparse datasets, we can thus estimate the field dependence of the TLL parameters η and u quite accurately. They are shown in Figs. 3(a,b) together with the theoretical prediction for the spin-1/2 XXZ chain model as applied to BaCo 2 V 2 O 8 [25] , and the agreement is excellent. This empirically shows a negligible sensitivity of T
−1 1
to the antiferromagnetic spin fluctuations, which would yield power-law slopes of the opposite sign, i.e., η − 1 instead of 1/η − 1 (e.g., −0.5 instead of 1 at B s where η = 1/2) [47] . Even more, as the change of spin dynamics upon transition is seen by T
[ Fig. 2(a) ], which is thus sensitive mainly to the incommensurate spin fluctuations, this fluctuation mode appears to condense in the ordered phase in the whole range from B c to B s .
An unexpected dominance of the incommensurate mode for the nature of the ordered phases, even in the high-field region, originates from the strong enhancement of the associated total effective interchain coupling J ′ towards B s . A huge spread of the T −1 1 (T ) datasets in the TLL phase [ Fig. 2(a) ] already qualitatively points to such an enhancement. To see how, we recall that T −1 1 is proportional to the imaginary part of the local dynamical spin susceptibility χ [43] . For a system of weakly-coupled spin chains, each having the susceptibility χ 1D , we can write χ = χ 1D /(1 − J ′ χ 1D ) in the random-phase approximation (RPA). The T 1c (4.1 T) ≈ 20, a surprisingly high factor. In contrast, the same approximate procedure applied to other known spin chain or ladder systems, e.g., DIMPY [18] , leads to an almost field- Fig. 2(a) . Thick gray lines are predictions of the spin-1/2 XXZ chain model with parameters relevant to BaCo2V2O8 [25] . (c) Magnetic-field dependence of the effective interchain exchange coupling J ′ (circles) and of the exchange coupling J1 (diamonds) between the NN chains as extracted from the phase boundary in Fig. 1 . Thin blue line is a constant fit to the J ′ (B) data between Bs and B1 giving J2/kB = 0.042 K. Thick red line is a fit to the J1(B) data above B1 using Eq. (2). Inset shows the proposed schemes of interchain exchange couplings corresponding respectively to the structural units in the inset of Fig. 1. independent J ′ . We can extract J ′ (B) in BaCo 2 V 2 O 8 also quantitatively from the phase boundary T c (B) between B c and B s using the RPA expression evaluated for the longitudinal incommensurate spin fluctuations [25] :
where A z (B) is a known amplitude of the longitudinal fluctuations [48] , ∆ the exchange anisotropy, k B the Boltzmann constant and B 2 (x, y) the square of the beta function. The resulting J ′ (B)/k B shown in Fig. 3 (c) amounts to 0.042 K up to B 1 , and exhibits a giant variation by a factor of 1 K/0.042 K = 24 above B 1 .
Finally, we show that the crucial ingredient leading to the extracted giant J ′ (B) dependence is a nontrivial, zigzag-like pattern of individual antiferromagnetic couplings between the NN chains [ Fig. 3(c) inset], all running along VO 4 tetrahedra (Fig. 1 inset) . If we parametrize them by the weights j −1 , j 0 , j 1 and j 2 relative to the individual antiferromagnetic coupling J 2 between the NNN chains [ Fig. 3(c) inset] , the whole pattern consisting of 4 groups of 4 identical couplings within a helical chain period (containing 4 chain units) sums up to
in the presence of spin fluctuations with the wavevector q. Namely, each coupling "tilted" by p chain units simply picks the corresponding phase shift pq. For incommensurate fluctuations with q = 2k F , the field dependence of J 1 comes from the relation 2k
is the field-induced magnetization [25] . To go further, we realize that J 1 (B) and J 2 couplings in the a-b plane [ Fig. 3(c) inset] outline a pattern equivalent to the J 1 -J 2 model on a square lattice [42] . Depending on the ratio J 1 /J 2 , this model realizes one of the three phases, each one exhibiting a different total effective coupling J ′ : columnar for |J 1 | < 2J 2 where J ′ = J 2 , ferromagnetic for J 1 < −2J 2 where J ′ = −J 1 − J 2 and checkerboard for J 1 > 2J 2 where J ′ = J 1 − J 2 [42] . Applying these expressions to BaCo 2 V 2 O 8 , a field-independent J ′ in the columnar phase (between B c and B 1 ) immediately leads to J 2 /k B = 0.042 K. In the ferromagnetic phase (between B 1 and B 2 ) we can then extract J 1 (B) = −J ′ (B) − J 2 . Finally, the phase between B 2 and B s should be checkerboard, hence J 1 (B) = J ′ (B) + J 2 . Accordingly reconstructed J 1 (B) dataset is shown in Fig. 3(c) together with the fit using Eq. (2) with j 0 = 8.9, j −1 + j 1 = 15.5, j 2 = 7.1 and known m z (B) [31] . The fit fails to reproduce the J 1 (B) data points only close to the critical field B s where the TLL description is expected to fail anyway [1] . The obtained J 1 (B) reaches two orders of magnitude over J 2 and exhibits a remarkable sign change (to ferromagnetic), although all the individual couplings between the NN chains are antiferromagnetic. In contrast, for transverse antiferromagnetic fluctuations we set q = π in Eq. (2), leading to a field-independent J 1 , which is only of the order of J 2 . This is the reason why the transverse antiferromagnetic order is not realized. The overall quantitative account of the J 1 (B) dependence a posteriori supports the previously obtained hint at the incommensurate order in the whole range between B c and B s .
To conclude, our study identifies a hugely fielddependent effective magnetic coupling between spin chains in BaCo 2 V 2 O 8 as a new phenomenon emerging from the incommensurate fluctuations in TLLs coupled in a zigzag-like manner. This phenomenon could be realized also in other spin chain or ladder systems meeting the two conditions necessary for the dominance of the incommensurate fluctuations, i.e., anisotropy of the involved S = 1/2 spins [30] and the zigzag-like couplings. It is important to be aware of this possibilty, as it may lead to a complicated phase diagram where a simple one would be expected. This may be the case in the recently studied BiCu 2 PO 6 , which satisfies both conditions [49, 50] and exhibits a rich phase diagram [51] . The phenomenon could also be used deliberately as a source of tunable coupling between TLLs. For instance, implemented in an array of quantum wires, it would allow to control the current perpendicular to the wires, including its sign, simply by the gate voltage applied to the wires.
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